In this article, we consider the order
Introduction
Throughout the paper, we consider the real quadratic field K = Q( √ d) where d > 0 is square-free and d ≡ 2, 3 (mod 4). An order O in the field K is a subset O ⊂ K such that i) O is a subring of K containing 1. ii) O is a finitely generated Z-module. iii) O contains a Q-basis of K.
Maximal order of an algebraic number field K is the integral closure of the ring Z of rational numbers in the field K. So, among various orders of the field K there is one maximal one which contains all the other orders which we call O K . For d ≡ 2, 3 (mod 4) one can write very well known Pell's equation as
The s−th solution x s , y s can be expressed in terms of the first one x 1 , y 1 by [Cox, p.133 ] , [JW, p.80 ] , [Neu, p.72 ] and other many algebraic number theory books. For the efficient computation of units and solution of Pell's equation see [Len] . One can also refer to [JLW] to see about the question how large the fundamental unit ε can be.
In this article, ε is the fundamental unit of the real quadratic field Q( √ d) and N (ε) = ±1 is its norm. We consider the case that the conductor f is an odd prime p with p ∤ d. The aim of this article is to get numerical information about
In [BP] , we compute very good upper bounds for n(f ) for the case N (ε) = +1 and in [Bir] for the case in particular that N (ε) = −1. It is known that (see for instance [BP] ) for
if N (ε) = +1 and of p ± 1 if N (ε) = −1. Our results become easier to state if we consider the integers, quotients q defined by
We compute the frequencies of q. Our numerical results suggest that the frequencies may have a limit as the ranges of p and d go to infinity. We prove a theorem suggested by the numerical results and study the expectation of the frequency.
Computations and Conjecture
We recall that we always assume that d ≡ 2, 3 (mod 4) is positive, square-free and p is an odd prime. We have
The computer we use has 2x DualCore-Opteron 2218 (2.6 GHz) with 16 GB(1 Node with 32 GB) RAM. One can also refer to the appendix to see the algorithm.
Our results depend on two arguments, the range and the quotient q. It would be difficult to give a plot. For reasons of space we only present the first 20 frequencies in our tables as percentages. We take ranges
For N (ε) = −1, the computations run faster because there are few occurencies so this enables us to implement larger and different ranges. To save space and to be neat, we only write d max = p max and some of the ranges we calculate in the following tables. The Legendre symbol differs according to the elements q defined in (1.2). For m ∈ N we define four sequences according to the formula (1.2);
For instance, for the case N (ε) = +1, by the definition (1.2) of q, we have
2 . This means that, when the ranges become larger, more and more frequencies will become positive. This suggests that for a fixed q the frequencies will slowly fluctuate. Furthermore, let S j (m) = q F j (q; m). In the tables values shows the number of occurencies of Conjecture 2.1. Let j = 1, 2, 3, 4. There is a probability distribution P j (q) such that, for all q,
More precisely: For j = 1, . . . , 4 there is a function
such that for every δ > 0 there exists m 0 with the property that
for all q and m ≥ m 0 . Comments: The first two tables appear to be rather similar. In the first two tables q = 1 predominates. In the third table the sum of frequencies for q = 1 and q = 2 is about the frequency for q = 1 of the first two tables.
But the last table is quite different. The first two frequencies are almost equal and we notice that when q = 4k for k ∈ N, F 4 (4; m) = 0. Now, we give a proof that this is indeed true.
Theorem 2. In [Bir] we wrote
In our case ν = p+1 4
and thus B p+1 4 −1 . Since ν ∈ N it follows that p ≡ 3 (mod 4). In [Bir] Theorem 3.1 we proved that, for ≡ 1 (mod p)
So, B p+1 4 −1 ≡ 0 (mod p) which is a contradiction.
We compute the expectation of the probability distribution for N (ε) = +1, This table suggests that the expectation has the order of log(m) × log(log m) for large m where m is the range of d and p.
